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Abstract
To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky introduce a
system of differential equations, called the GKZ hypergeometric system. Its solutions are GKZ
hypergeometric functions. We study the ℓ-adic counterpart of the GKZ hypergeometric system,
which we call the ℓ-adic GKZ hypergeometric sheaf. It is an object in the derived category
of ℓ-adic sheaves on the affine space over a finite field. Traces of Frobenius on stalks of this
object at rational points of the affine space define the hypergeometric functions over the finite
field introduced by Gelfand and Graev. We prove that the ℓ-adic GKZ hypergeometric sheaf is
perverse, calculate its rank, and prove that it is irreducible under the non-resonance condition.
We also study the weight filtration of the GKZ hypergeometric sheaf, determine its lisse locus,
and apply our result to the study of weights of twisted exponential sums.
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Introduction
Let k be a finite field with q elements of characteristic p, and let ℓ be a prime number distinct
from p. Throughout this paper, we work with a nontrivial additive character ψ : k → Q
∗
ℓ . Let
χ1, . . . , χm : k
∗ → Q
∗
ℓ be multiplicative characters, and let f, f1, . . . , fm ∈ k[t
±1
1 . . . , t
±1
n ] be Laurent
polynomials. In number theory, we often need to study the mixed character sum
S1 =
∑
t1,...,tn∈k∗
χ1(f1(t1, . . . , tn)) · · ·χm(fm(t1, . . . , tn))ψ(f(t1, . . . , tn)).
Consider the twisted exponential sum
S2 =
∑
t1,...,tn+m∈k∗
χ−11 (tn+1) · · ·χ
−1
m (tn+m)
ψ (f(t1, . . . , tn) + tn+1f1(t1, . . . , tn) + · · ·+ tn+mfm(t1, . . . , tn)) .
One can show if χi (i = 1, . . . ,m) are nontrivial, then
S2 = g(χ
−1
1 , ψ) · · · g(χ
−1
m , ψ)S1,
where
g(χ−1i , ψ) =
∑
x∈k∗
χ−1i (x)ψ(x)
∗Part of this paper was worked out during my visit of IHES. I would like to thank IHES for its hospitality. I am
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are Gauss sums. As Gauss sums are well-understood, the study of S1 is reduced to the study of S2.
Let
A =


w11 · · · w1N
...
...
wn1 · · · wnN


be an (n×N)-matrix of rank n with integer entries. Denote the column vectors of A by w1, . . . ,wN ∈
Zn. It defines an action of the n-dimensional torus Tn
Z
= SpecZ[t±11 , . . . , t
±1
n ] on the N -dimensional
affine space AN
Z
= SpecZ[x1, . . . , xN ]:
TnZ × A
N
Z → A
N
Z ,
(
(t1, . . . , tn), (x1, . . . , xN )
)
7→ (tw111 · · · t
wn1
n x1, . . . , t
w1N
1 · · · t
wnN
n xN ).
Let χ1, . . . , χn : k
∗ → Q
∗
ℓ be multiplicative characters, and let aj ∈ k. Write the twisted exponential
sum S2 in the form ∑
t1,...,tn∈k∗
χ1(t1) · · ·χn(tn)ψ

 N∑
j=1
ajt
w1j
1 · · · t
wnj
n

 .
In the case where χ1, . . . , χn are trivial, Denef-Loeser ([9]) and Adolphson-Sperber ([2], [3]) study this
exponential sum. The general case is treated in [4] and [10].
A method emphasized by Gelfand-Kapranov-Zelevinsky and called the “A-philosophy” in the book
[18, 5.1] is that instead of studying the above twisted exponential sum for a fixed (a1, . . . , aN ), one
could treat (a1, . . . , aN) as indeterminate, or equivalently, one treats (a1, . . . , aN) as parameters and
study the corresponding family of twisted exponential sums. In [13] and [15], Gelfand and Graev
define the hypergeometric function over the finite field to be
Hypψ(x1, . . . , xN ;χ1, . . . , χn) =
∑
t1,...,tn∈k∗
χ1(t1) · · ·χn(tn)ψ
( N∑
j=1
xjt
w1j
1 · · · t
wnj
n
)
.
Its value at (a1, . . . , aN ) is the twisted exponential sum introduced above.
Let (γ1, . . . , γn) ∈ C
n be a fixed parameter. In [16], Gelfand, Kapranov and Zelevinsky define the
A-hypergeometric system to be the system of differential equations
N∑
j=1
wijxj
∂f
∂xj
+ γif = 0 (i = 1, . . . , n),
∏
aj>0
(
∂
∂xj
)aj
f =
∏
aj<0
(
∂
∂xj
)−aj
f,
where for the second system of equations, (a1, . . . , aN) ∈ Z
N goes over the family of integral linear
relations
N∑
j=1
ajwj = 0
amongw1, . . . ,wN . Holomorphic solutions of the A-hypergeometric systems are calledA-hypergeometric
functions. We often call the A-hypergeometric system as the GKZ hypergeometric system. Integral
representations of solutions of the GKZ hypergeometric system are of the form
f(x1, . . . , xN , γ1, . . . , γn) =
∫
C
tγ11 · · · t
γn
n e
∑
N
j=1 xjt
w1j
1 ···t
wnj
n
dt1
t1
· · ·
dtn
tn
,
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where C is a cycle in the complex torus Tn
C
. (Confer [14, Corollary 2 in §4.2]). The hypergeometric
function over finite field is an arithmetic analogue of the above integral. For this reason, we also call
Hypψ(x1, . . . , xN ;χ1, . . . , χn) as the GKZ hypergeometric sum.
Note that Hypψ(x1, . . . , xN ;χ1, . . . , χn) is homogeneous with respect to the torus action in the
sense that
Hypψ(t
w11
1 · · · t
wn1
n x1, . . . , t
w1N
1 · · · t
wnN
n xN ;χ1, . . . , χn)
= χ−11 (t1) · · ·χ
−1
n (tn)Hypψ(x1, . . . , xN ;χ1, . . . , χn)
for any t1, . . . , tn ∈ k
∗ and x1, . . . , xN ∈ k. Hypergeometric sums over finite fields defined by Katz in
[21, 8.2.7] are special cases of the GKZ hypergeometric sum. Indeed, let A be the ((n+m−1)×(n+m))-
matrix
A = (In+m−1,wn+m) ,
where In+m−1 is the identity matrix of size n+m− 1, and wn+m is the transpose of the vector
(−1, . . . ,−1︸ ︷︷ ︸
n−1
, 1, . . . , 1︸ ︷︷ ︸
m
).
Then the GKZ hypergeometric sum associated to this matrix evaluated at
(x1, . . . , xn+m) = (1, . . . , 1︸ ︷︷ ︸
n−1
,−1, . . . ,−1︸ ︷︷ ︸
m
, x)
is
Hypψ(1, . . . , 1︸ ︷︷ ︸
n−1
,−1, . . . ,−1︸ ︷︷ ︸
m
, x;χ1, . . . , χn+m−1)
=
∑
t1,...,tn+m−1
χ1(t1) · · ·χn+m−1(tn+m−1)ψ
(
t1 + · · ·+ tn−1 − tn − · · · − tn+m−1 +
xtn · · · tn+m−1
t1 · · · tn−1
)
The last expression is exactly Katz’s hypergeometric sum Hyp(ψ, χ1, . . . , χn−1, 1;χ
−1
n , . . . , χ
−1
n+m−1)(x).
So Katz’s hypergeometric sum can be expressed in terms of the GKZ hypergeometric sum. Conversely,
using the homogeneity property of the GKZ hypergeometric sum with respect to the torus action, one
can also express the GKZ hypergeometric sum associated to the above matrix A evaluated at an arbi-
trary point (x1, . . . , xn+m) in terms of the (one-variable) Katz’s hypergeometric sum. An interesting
special case of Katz’s hypergeometric sum is the Kloosterman sum
Klψ(χ1, . . . , χn, 1)(x) =
∑
t1,...,tn
χ1(t1) · · ·χn(tn)ψ
(
t1 + · · ·+ tn +
x
t1 . . . tn
)
.
It is the GKZ hypergeometric sum Hypψ(x1, . . . , xn+1;χ1, . . . , χn) associated to the (n×(n+1))-matrix
A =


1 −1
. . .
...
1 −1


evaluated at (x1, . . . , xn+1) = (1, . . . , 1, x).
We say A satisfies the nonconfluence condition if there exist integers c1, . . . , cn ∈ Z such that
n∑
i=1
ciwij = 1 (j = 1, . . . , N),
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that is, wj (j = 1, . . . , N) lie in the hyperplance
∑n
i=1 ciwi = 1. If A is the ((n+m−1)×(n+m))-matrix
corresponding to Katz’s hypergeometric sum Hyp(ψ, χ1, . . . , χn−1, 1;χ
−1
n , . . . , χ
−1
n+m−1)(x) described
above, then A satisfies the nonconfluence condition if and only if m = n.
Theorem 0.1 (Gelfand-Kapranov-Zelevinsky, [16, 17]). Suppose that A satisfies the nonconfluence
condition, that w1, . . . ,wN generate Z
n, and that the ring C[tw111 · · · t
wn1
n , . . . , t
w1N
1 · · · t
wnN
n ] is normal.
Let ∆ be the convex hull of {0,w1, . . . ,wN}.
(i) The GKZ hypergeometric system is holonomic.
(ii) The dimension of the space of GKZ hypergeometric functions at a generic point is n!vol(∆).
(iii) If (γ1, . . . , γn) satisfies the so-called non-resonance condition, then the sheaf of GKZ hyperge-
ometric functions defines an irreducible local system on a Zariski dense open subset of CN .
We refer the reader to [17, §2.9] for the definition of the non-resonance condition.
A theorem of Hotta ([20, §II 6]) says that if A satisfies nonconfluence condition, then the GKZ
hypergeometric system is regular holonomic. In [1], Adolphson studies the GKZ-system without the
nonconfluence condition, and he proves the following.
Theorem 0.2 (Adolphson, [1]).
(i) The GKZ hypergeometric system is holonomic.
(ii) Suppose (γ1, . . . , γn) satisfies the so-called semi-nonresonance condition. Then the dimension
of the space of GKZ hypergeometric functions at a generic point is n!vol(∆)/[Zn : M ′], where ∆ is
the convex hull of {0,w1, . . . ,wn}, and M
′ is the subgroup of Zn generated by {w1, . . . ,wN}.
We refer the reader to [1, pg. 284] for the definition of the semi-nonresonance condition.
Adolphson conjectures that even without the nonconfluence condition, the sheaf of GKZ hypergeo-
metric functions defines an irreducible local system on a Zariski dense open subset of CN if (γ1, . . . , γn)
satisfies the non-resonance condition.
In this paper, we introduce the ℓ-adic GKZ hypergeometric sheaf, and we prove theorems of
Gelfand-Kapranov-Zelevinsky and Adolphson, and verify Adolphson’s conjecture in this context.
Moreover, we study the weight filtration of the GKZ hypergeometric sheaf. Specializing our result to
a rational point, we recover the main results in [2, 3, 4, 9, 10] about the weights of exponential sums.
Denote by AN (resp. Tn) the N -dimensional affine space (resp. n-dimensional torus) over the
finite field k. Let Lψ be the Artin-Schreier sheaf on A
1 associated to the nontrivial additive character
ψ. For any character χ : (k∗)n → Q
∗
ℓ , let Kχ be the Kummer sheaf on T
n associated to χ. (Confer
[8, Sommes trig. 1.7] for the definition and properties of the Kummer sheaf and the Artin-Schreier
sheaf). Let
π1 : T
n × AN → Tn, π2 : T
n × AN → AN
be the projections, and let F be the morphism
F : Tn × AN → A1, (t1, . . . , tn, x1, . . . , xN ) 7→
N∑
j=1
xjt
w1j
1 · · · t
wnj
n .
We define the ℓ-adic GKZ hypergeometric sheaf associated to the Kummer sheaf Kχ and the vectors
w1, . . . ,wN in Z
n to be the object in the derived category Dbc(A
N ,Qℓ) of ℓ-adic sheaves on A
N given
by
Hypψ(χ) = Rπ2!
(
π∗1Kχ ⊗ F
∗Lψ
)
[n+N ].
(Confer [7, 1.1.2] for the definition of the derived category Dbc(A
N ,Qℓ) of ℓ-adic sheaves.) If we
take Kχ = Kχ1 ⊠ · · · ⊠ Kχn , then by the Grothendieck trace formula ([8, Rapport 3.2]), for any
x = (x1, . . . , xN ) ∈ A
N (k), we have
Hypψ(x1, . . . , xN ;χ1, . . . , χn) = (−1)
n+NTr
(
Frobx,
(
Hypψ(χ)
)
x¯
)
,
where Frobx is the geometric Frobenius at x. We have the following.
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Theorem 0.3. Let χ : (k∗)n → Qℓ be a character.
(i) Hypψ(χ) is a mixed perverse sheaf on A
N of weights ≤ n+N .
(ii) Suppose w1, . . . ,wN generate Z
n, and suppose χ satisfies the non-resonance condition defined
below. Then Hypψ(χ) is an irreducible pure perverse sheaf of weight n+N .
The non-resonance condition is defined as follows. Let δ be the convex polyhedral cone in Rn
generated by w1, . . . ,wN . For any proper face τ of δ, let Tτ be the torus Spec k[Z
n ∩ span τ ]. Note
that Zn/Zn ∩ span τ is torsion free and hence free. So we have
Zn ∼= (Zn ∩ span τ) ⊕ (Zn/Zn ∩ span τ).
The inclusion of Zn ∩ span τ in Zn induces a homomorphism of tori
pτ : T
n = Spec k[Zn]→ Tτ = Spec k[Z
n ∩ span τ ].
Its kernel is isomorphic to the torus Spec k[Zn/Zn ∩ span τ ]. We say χ satisfies the non-resonance
condition if for any proper face τ of δ, the restriction of Kχ to ker pτ is nontrivial. This is equivalent
to saying that Kχ is not of the form p
∗
τK for any Kummer sheaf K on Tτ . Since any proper face of δ
is contained in a codimension one face, to check the non-resonance condition, it suffices to work with
those proper faces τ of δ of codimension one.
Theorem 0.3 (ii) was also obtained by T. Terasoma ([27]) based on a different notion of the
nonresonance condition.
Let f =
∑N
j=1 ajt
w1j
1 · · · t
wnj
n be a Laurent polynomial such that aj ∈ k¯ are all nonzero, and let ∆
be the convex hull in Rn of the set {0,w1, . . . ,wN}. We say f is nondegenerate with respect to ∆ if
for any face Γ of ∆ not containing the origin, the subscheme of Tn
k¯
defined by
∂fΓ
∂t1
= · · · =
∂fΓ
∂tn
= 0
is empty, where fΓ =
∑
wj∈Γ
ajt
w1j
1 · · · t
wnj
n .
Let Λ be a subset of Zn, and let
P (t1, . . . , tn) =
∑
w=(w1,...,wn)∈Λ
xwt
w1
1 · · · t
wn
n
considered as a Laurent polynomial with variable coefficients xw (w ∈ Λ). Let’s recall the definition
of the Λ-discriminant ∆Λ(xw). (Confer [18] §9.1 Definition 1.2.) Let ∇0 ⊂ C
Λ be the set of those
points (xw)w∈Λ ∈ C
Λ for which there exists t(0) = (t
(0)
1 , . . . , t
(0)
n ) in the torus (C∗)n such that
P (t(0)) =
∂P
∂t1
(t(0)) = · · · =
∂P
∂tn
(t(0)) = 0.
Let ∇Λ be the Zariski closure of ∇0 in C
Λ. It is an irreducible variety defined over Q, and it is conical,
that is, it is invariant under multiplication by scalars. If ∇Λ is a subvariety of C
Λ of codimension 1,
we define the Λ-discriminant ∆Λ(xw) to be an irreducible polynomial with integer coefficients in the
variables xw (w ∈ Λ) which vanishes exactly on ∇Λ. Such a polynomial is uniquely determined up to
sign. If the codimension of ∇Λ is larger than 1, we set ∆Λ(xw) = 1.
Suppose there exists an affine hyperplane in Qn not containing the origin such that all points in
Λ lie in this hyperplane. Then there exist integers c1, . . . , cn ∈ Z and a nonzero integer c such that
n∑
i=1
ciwi = c
5
for all w = (w1, . . . , wn) in Λ. We have
P (tc1t1, . . . , t
cntn) = t
cP (t1, . . . , tn).
Applying ddt |t=1 to both sides of this equation, we get
n∑
i=1
ci
∂P
∂ti
(t1, . . . , tn) = cP (t1, . . . , tn).
So the condition
∂P
∂t1
(t(0)) = · · · =
∂P
∂tn
(t(0)) = 0
implies the condition
P (t(0)) = 0.
In particular, the hypersurface ∆Λ = 0 is the closure of the set consisting of points (xw)w∈Λ ∈ C
Λ for
which there exists t(0) = (t
(0)
1 , . . . , t
(0)
n ) in the torus (C∗)n such that
∂P
∂t1
(t(0)) = · · · =
∂P
∂tn
(t(0)) = 0,
provided that this closure has codimension 1.
Consider the Laurent polynomial
F =
N∑
j=1
xjt
w1j
1 · · · t
wnj
n
with variable coefficients xj . For any face Γ of ∆ not containing the origin, let
FΓ =
∑
wj∈τ
xjt
w1j
1 · · · t
wnj
n .
Note that Γ lies in an affine hyperplane in Qn not containing the origin. Let V be the complement of
the hypersurface ( ∏
06∈Γ≺∆
∆Γ∩{w1,...,wN}
)
(x1, . . . , xN ) = 0
in TN
k¯
. By the above discussion, for any (a1, . . . , aN) ∈ V (k¯), the Laurent polynomial f =
∑N
j=1 ajt
w1j
1 · · · t
wnj
n
is nondegenerate with respect to ∆. If the coefficients of the polynomial
∏
06∈Γ≺∆∆Γ∩{w1,...,wN} are
not all divisible by p, a condition which holds for sufficiently large p, then V is a Zariski dense open
subset of AN .
For any convex polyhedral cone δ in Rn with 0 being a face, define the convex polytope poly(δ)
to be the intersection of δ with a hyperplane in Rn which does not contain 0 and intersects each one
dimensional face of δ. Note that poly(δ) is defined only up to combinatorial equivalence. For any
convex polytope ∆ in Rn and any face Γ of ∆, define cone∆(Γ) to be the cone generated by u
′ − u
(u′ ∈ ∆, u ∈ Γ), and define cone◦∆(Γ) to be the image of cone∆(Γ) in R
n/span(Γ − Γ). Note that
0 is a face of cone◦∆(Γ). We define polynomials α(δ) and β(∆) in one variable T inductively by the
following formulas:
α({0}) = 1,
β(∆) = (T 2 − 1)dim(∆) +
∑
Γ≺∆, Γ6=∆
(T 2 − 1)dim(Γ)α(cone◦∆(Γ)),
α(δ) = trunc≤dim(δ)−1((1 − T
2)β(poly(δ))),
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where trunc≤d(·) denotes taking the degree ≤ d part of a polynomial. These polynomials are first
introduced by Stanley [26]. Note that α(δ) and β(∆) only involve even powers of T , and they depend
only on the combinatorial types of δ and ∆.
Let χ : Tnk (k) → Q
∗
l be a character, let ∆ be the convex hull of {0,w1, . . . ,wN}, let δ be the
convex polyhedral cone generated by w1, . . . ,wN , and let T be the set of faces τ of δ so that τ 6= δ
and Kχ ∼= p
∗
τKχτ for a Kummer sheaf Kχτ on the torus Tτ = Spec k[Z
n ∩ span τ ], where
pτ : T
n
k = Spec k[Z
n]→ Tτ = Spec k[Z
n ∩ span τ ]
is the morphism induced by the inclusion k[Zn ∩ span τ ] →֒ k[Zn]. Define
e(∆, χ) = (−1)Nn!vol(∆) +
∑
τ∈T
(−1)n−dim(τ)+N(dim(τ))!vol(∆ ∩ τ)α(cone◦δ(τ))(1)
and define a polynomial E(∆, χ) inductively by
E(∆, χ) = e(∆, χ)T n+N −
∑
τ∈T
(−1)n−dim(τ)+N−NτTN−NτE(∆ ∩ τ, χτ )α(cone
◦
δ(τ)),
where Nτ is the number of those wj (j = 1, . . . , N) lying in τ , coneδ(τ) is the cone generated by
u′ − u (u′ ∈ δ, u ∈ τ), and cone◦δ(τ) is the image of coneδ(τ) in R
n/span(τ). Note that we have
coneδ(τ) = cone∆(∆ ∩ τ) and cone
◦
δ(τ) = cone
◦
∆(∆ ∩ τ).
Theorem 0.4. Let ∆ be the convex hull of {0,w1, . . . ,wN}. Suppose there exists a Zariski dense open
subset V of TN such that for any (a1, . . . , aN) ∈ V (k¯), the Laurent polynomial f =
∑N
j=1 ajt
w1j
1 · · · t
wnj
n
is nondegenerate with respect to ∆.
(i) The rank of Hypψ(χ) is (−1)
Nn!vol(∆). Here for any object K in Dbc(A
N ,Qℓ), the rank of K
is defined to be
∑
i(−1)
idimHi(K)η¯, where η is the generic point of A
N .
(ii) Let
P (Hypψ(χ)) =
∑
w∈Z
ewT
w,
where ew is the rank of the weight w sub-quotient of the weight filtration for the mixed perverse sheaf
Hypψ(χ). (Confer [5, 5.3.5] for the definition of the weight filtration of a mixed perverse sheaf). Then
we have
P (Hypψ(χ)) = E(∆, χ),
en+N = e(∆, χ).
(iii) For each codimension 1 face Γ of ∆ not containing the origin, choose relatively prime integers
d1, . . . , dn such that the restriction to ∆ of linear function
φ(v1, . . . , vn) = d1v1 + . . .+ dnvn
takes its minimum dΓ exactly on Γ. Suppose p does not divide dΓ for each codimension one face Γ of
∆ not containing the origin. Then for each i, Hi(Hypψ(χ))|V is lisse.
The main tools to prove our results are the Deligne-Fourier transformation and toric geometry.
Let A′N be the dual affine space of AN . Recall that the Deligne-Fourier transformation
FTψ : D
b
c(A
′N ,Qℓ)→ D
b
c(A
N ,Qℓ)
associated to the additive character ψ is the functor defined by
FTψ(K) = Rp2!(p
∗
1K ⊗ 〈 , 〉
∗Lψ)[N ]
7
for any K ∈ obDbc(A
′N ,Qℓ), where
p1 : A
′N × AN → A′N , p2 : A
′N × AN → AN
are the projections, and 〈 , 〉 is the morphism
〈 , 〉 : A′N × AN → A1, ((ξ1, . . . , ξN ), (x1, . . . , xN )) 7→
N∑
j=1
xjξj .
Confer [24] for properties of the Deligne-Fourier transformation. Consider the morphism
ι : Tn → A′N , (t1, . . . , tn) 7→ (t
w11
1 · · · t
wn1
n , . . . , t
w1N
1 · · · t
wnN
n ).
Theorem 0.5. The morphism ι is quasi-finite and affine, and we have
(i) Hypψ(χ)
∼= FTψ(ι!Kχ[n]).
(ii) The weight n+N subquotient of the weight filtration for the mixed perverse sheaf Hypψ(χ) is
isomorphic to FTψ(ι!∗Kχ[n]), and its rank is equal to e(∆, χ).
Let’s deduce some corollaries from the above theorems.
Corollary 0.6. If 0 lies in the interior of ∆, or equivalently, if δ coincides with Rn, then Hypψ(χ)
is pure of weight n+N .
Proof. We can factorize ι as the composite
Tn = Spec k[Zn]
j
→֒ Spec k[Zn ∩ δ]
g
→ AN ,
where j is the open immersion of the open dense torus in the affine toric scheme Spec k[Zn ∩ δ] and
it is induced by the inclusion k[Zn ∩ δ] →֒ k[Zn], and g is the morphism induced by the k-algebra
homomorphism
k[ξ1, . . . , ξN ]→ k[Z
n ∩ δ], ξj 7→ wj .
One can verify that g is a finite morphism. In the case where δ = Rn, j is an isomorphism. It follows
that ι is finite, and ι! = ι!∗. So Hypψ(χ)
∼= FTψ(ι!∗Kχ[n]) is pure of weight n+N .
Corollary 0.7. Suppose the condition of Theorem 0.4 (iii) holds.
(i) For i 6= −N , we have Hi(Hypψ(χ))|V = 0 and H
i(FTψ(ι!∗Kχ[n]))|V = 0, and H
−N (Hypψ(χ))|V
and H−N (FTψ(ι!∗Kχ[n]))|V are lisse sheaves on V of ranks n!vol(∆) and (−1)
Ne(∆, χ), respectively.
(ii) If 0 lies in the interior of ∆, then H−N (Hypψ(χ))|V is lisse pure of weight n and of rank
n!vol(∆).
Proof. (i) follows from Theorems 0.3 (i), 0.4 (iii) and 0.5 (ii). (ii) follows from Corollary 0.6.
Specializing to a point a = (a1, . . . , an) ∈ V (k), the above results imply [9, Theorems 1.3, 1.8] and
[10, Theorem 0.2] under the extra assumption that p is sufficiently large.
Corresponding to Hotta’s result about the regularity of the GKZ system under the nonconfluence
condition, we have the following theorem which shows that Hypψ(χ) is tame under the nonconfluence
condition if p is sufficiently large.
Theorem 0.8. Suppose the matrix A satisfies the nonconfluence condition, that is, there exist integers
c1, . . . , cn ∈ Z such that
∑n
i=1 ciwij = 1 (j = 1, . . . , N). Let χ
′ = χc11 · · ·χ
cn
n .
(i) Suppose χ′ is nontrivial. Let G(χ′, ψ) be the rank one lisse Qℓ-sheaf on Spec k so that the
geometric Frobenius acts by multiplication of the Gauss sum −g(χ′, ψ) = −
∑
t∈k∗ χ
′(t)ψ(t), and we
denote the inverse image of G(χ′, ψ) on any k-scheme also by G(χ′, ψ). Then there exists an object
8
H in the derived category Dbc(A
N
Z[1/ℓ],Qℓ) of Qℓ-sheaves on the affine space A
N
Z[1/ℓ] over Z[1/ℓ] such
that Hypψ(χ) is a direct factor of (H|AN
k
)⊗G(χ′, ψ). In particular, over the algebraic closure k¯ of k,
Hypψ(χ)|AN
k¯
is a direct factor of H|AN
k¯
.
(ii) If χ′ is trivial, then there exists an object H in Dbc(A
N
Z[1/ℓ],Qℓ) such that Hypψ(χ) is a direct
factor of H|AN
k
.
In both cases, H is independent of the choice of the additive character ψ.
Finally we consider the case where w1, . . . ,wN all lie in the first quadrant of R
n, that is wij ≥ 0
for all i ∈ {1, . . . , n}, j ∈ {1, . . . , N}. In this case, it is natural to consider the family of exponential
sums
Hyp0ψ(x1, . . . , xN ) =
∑
t1,...,tn∈k
ψ
( N∑
j=1
xjt
w1j
1 · · · t
wnj
n
)
.
Here unlike the hypergeometric function over the finite field, the summation is taken over all rational
points of the whole affine space An, not just the torus Tn. Let π2 : A
n×AN → AN be the projection,
and let G : An × AN → A1 be the morphism G(t1, . . . , tn, x1, . . . , xN ) =
∑N
j=1 xjw
w1j
1 · · · t
wnj
n . Define
an object in DNc (A
N ,Qℓ) by
Hyp0ψ = Rπ2!G
∗Lψ[n+N ].
By the Grothendieck trace formula, for any x = (x1, . . . , xN ) ∈ A
N (k), we have
Hyp0ψ(x1, . . . , xN ) = (−1)
n+NTr
(
Frobx,
(
Hyp0ψ
)
x¯
)
,
where Frobx is the geometric Frobenius at x.
Corollary 0.9. Suppose δ coincides with the positive quadrant {(wi) ∈ R
n|wi ≥ 0} of R
n. Then
Hyp0ψ is isomorphic to the weight n + N subquotient of the weight filtration for the mixed perverse
sheaf Hypψ(χ) with χ = 1.
Proof. Keep the notation in the proof of Corollary 0.6. In the case where δ is the positive quadrant
of Rn and χ = 1, j coincides with the canonical open immersion Tn →֒ An, g is the morphism
g : An → A′N , (t1, . . . , tn) 7→ (t
w11
1 · · · t
w1n
n , . . . , t
w1N
1 · · · t
w1N
n ),
and
ι!∗Kχ[n] ∼= g!j!∗Qℓ[n] ∼= g!Qℓ[n].
Similarly to Theorem 0.5 (i), one can prove Hyp0ψ
∼= FT (g!Qℓ)[n]. (Confer the proof of Lemma 1.1.)
Our assertion then follows from Theorem 0.5 (ii).
Corollary 0.10. Suppose the condition of Theorem 0.4 (iii) holds, and suppose δ coincides with the
positive quadrant of Rn. Then Hi(Hyp0ψ)|V = 0 for i 6= N , and H
−N (Hyp0ψ)|V is a lisse sheaf pure of
weight n and of rank
∑
0∈τ≺∆(−1)
n−dim τ (dim τ)!vol(τ).
In [12, 8.1] and [25, 3.1], Gabber and Loeser introduce hypergeometric sheaves on tori. Let
πi : T
1 → TN (i = 1, . . . , n) be homomorphisms of tori defined by
πi(t) = (t
wi1 , . . . , twiN )
for some integers wij , let χi (i = 1, . . . , n) be multiplicative characters of k, and let λ = (λ1, . . . , λN )
be a k-point of TN . For any K,L ∈ Dbc(T
N ,Qℓ), the convolution product K ∗!L of K and L is defined
to be
K ∗! L = Rm!(K ⊠ L),
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where m : TN × TN → TN is the multiplication on TN . In loc. cit. the !-hypergeometric sheaf
associated to the above data is defined to be
Hyp(!, λ, (πi), (χi)) = δλ ∗! Rπ1!(Kχ1 ⊗ Lψ) ∗! · · · ∗! Rπn!(Kχn ⊗ Lψ).
For any k-points x = (x1, . . . , xN ) of T
N , by Grothendieck’s trace formula, we have
Tr
(
Frobx, (Hyp(!, λ, (πi), (χi)))x¯
)
=
∑
t1,...,tn∈k∗,λ1t
w11
1 ···t
wn1
n =x1,...,λN t
w1N
1 ···t
wnN
n =xN
χ1(t1) · · ·χn(tn)ψ(t1 + · · ·+ tn).
I don’t know the exact relationship between the hypergeometric sheaves of Gabber and Loeser and
the GKZ hypergeometric sheaves. In some very special cases, I can express these two types of hyper-
geometric sheaves in terms of each other.
The paper is organized as follows. In §1, we first prove Theorem 0.5 (i) and deduce Theorem 0.3
from it. Based on the work of Denef-Loeser [9] and systemically using the Deligne-Fourier transfor-
mation, we prove Theorems 0.4 (i)-(ii) and 0.5 (ii). In §2, we study the liss locus of Hypψ(χ) and
prove Theorem 0.4 (iii). Our method can be considered as a generalization of Deligne’s method of
estimating exponential sums ([7, 3.7.2-3]). In §3, we prove Theorem 0.8.
1 Deligne-Fourier Transformation and the GKZ Hypergeo-
metric Sheaf
Recall that A′N is the dual affine space of AN and ι is the morphism
ι : Tn → A′N , (t1, . . . , tn) 7→ (t
w11
1 · · · t
wn1
n , . . . , t
w1N
1 · · · t
wnN
n ).
By abuse of notation, we denote the morphism Tn → TN induced by ι also by ι. The following is
Theormem 0.5 (i).
Lemma 1.1. The morphism ι is quasi-finite and affine, and we have
FTψ(ι!Kχ[n]) ∼= Hypψ(χ).
Proof. Since Tn and A′N are affine schemes, ι is an affine morphism. Recall that the matrix A = (wij)
has rank n. So over Q, the vectors w1, . . . ,wN generate Q
n. This implies that there exists an (N×n)-
matrix B = (vij) with integer entries such that AB = dIn for some nonzero integer d, where In is the
identity matrix. Consider the morphism
ι′ : TN → Tn, (ξ1, . . . , ξN ) 7→ (ξ
v11
1 · · · ξ
vN1
N , . . . , ξ
v1n
1 · · · ξ
vNn
N ).
One can verify that the composite ι′ι coincides with the morphism
Tn → Tn, (t1, . . . , tn)→ (t
d
1, . . . , t
d
n).
So ι′ι is a finite morphism. This implies that ι : Tn → TN is finite, and hence ι : Tn → A′N is
quasi-finite.
Fix notation by the following commutative diagram, where all squares are Cartesian:
Tn × AN
ι×id
→ A′N × AN
p2
→ AN
π1 ↓ p1 ↓ ↓
Tn
ι
→ A′N → Spec k.
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By the proper base change theorem and the projection formula, we have
FTψ(ι!Kχ[n]) ∼= Rp2!
(
p∗1ι!Kχ ⊗ 〈 , 〉
∗Lψ
)
[n+N ]
∼= Rp2!
(
(ι × id)!π
∗
1Kχ ⊗ 〈 , 〉
∗Lψ
)
[n+N ]
∼= Rp2!(ι× id)!
(
π∗1Kχ ⊗ (ι× id)
∗〈 , 〉∗Lψ
)
[n+N ].
We have p2(ι × id) = π2 and 〈 , 〉 ◦ (ι × id) = F , where π2 : T
n × AN → AN is the projection and
F : Tn × AN → A1 is the morphism defined by
F (t1, . . . , tn, x1, . . . , xN ) =
N∑
j=1
xjt
w1j
1 · · · t
wnj
n .
So we have
FTψ(ι!Kχ[n]) ∼= Rπ2!(π
∗
1Kχ ⊗ F
∗Lψ)[n+N ] = Hypψ(χ).
To proceed, we need some facts about toric varieties. The reader can consult [6] or [11] for proof.
Let Σ be a fan in the dual vector space (Rn)∗ of Rn. Denote the toric variety over k associated to
the fan Σ by X(Σ). It is covered by affine open subschemes Uσ = Spec k[Z
n ∩ σˇ], where σ goes over
cones in Σ and σˇ is the dual cone in Rn of σ. For the cone σ = 0, we get the open dense torus
Tn = Spec k[Zn] of X(Σ). The torus action of Tn on itself can be extended to an action of Tn on
X(Σ). Let Oσ be the torus Spec k[Z
n ∩ σ⊥]. We have a k-epimorphism
k[Zn ∩ σˇ]→ k[Zn ∩ σ⊥], u 7→
{
u if u ∈ σ⊥
0 if u 6∈ σ⊥
for any u ∈ Zn ∩ σˇ.
It induces a closed immersion
Oσ → Uσ.
So we can regard Oσ as a subscheme of X(Σ). We have X(Σ) =
∐
σ∈ΣOσ, and this gives the orbital
decomposition of the toric variety X(Σ) under the torus action.
Suppose δ is a rational convex polyhedral cone of dimension n in Rn. Then the set Σ(δ) of faces
of the dual cone δˇ is a fan in (Rn)∗. For any face τ of δ, let coneδ(τ) be the convex polyhedral cone
in Rn generated by u′ − u (u′ ∈ δ, u ∈ τ), and let (coneδ(τ))
∨ be its dual cone in (Rn)∗. We have
(coneδ(τ))
∨ = δˇ ∩ τ⊥,
and the map τ 7→ (coneδ(τ))
∨ defines a one-to-one correspondence between faces of δ and faces of δˇ.
So we have
Σ(δ) = {(coneδ(τ))
∨|τ ≺ δ}.
The toric variety X(Σ(δ)) is affine, and is just Spec k[Zn ∩ δ], and it has an open covering Spec k[Zn ∩
coneδ(τ)] (τ ≺ δ). Suppose furthermore that 0 is a face of δ. Then we have a k-epimorphism
k[Zn ∩ δ]→ k, u 7→
{
1 if u = 0
0 if u 6= 0
for any u ∈ Zn ∩ δ.
It induces a closed immersion
x0 : Spec k → Spec k[Z
n ∩ δ] = X(Σ(δ)).
We call x0 the distinguished point in X(Σ(δ)). It is fixed under the torus action on X(Σ(δ)).
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Lemma 1.2. Let Σ be a fan in Rn, let σ ∈ Σ, and let δσ be the image of the dual cone σˇ under the
canonical homomorphism Rn → Rn/σ⊥. Note that δσ is a rational convex polyhedral cone in R
n/σ⊥
of dimension dim(Rn/σ⊥), and 0 is a face of δσ. Let
xσ : Spec k → X(Σ(δσ)) = Spec k[(Z
n/Zn ∩ σ⊥) ∩ δσ]
be the distinguished point in X(Σ(δσ)), let
j : Tn →֒ X(Σ), jσ : T
dim(σ) = Spec k[Zn/Zn ∩ σ⊥] →֒ X(Σ(δσ))
be the immersions of the open dense tori in toric schemes. Denote by
pσ : T
n = Spec k[Zn]→ Oσ = Spec k[Z
n ∩ σ⊥]
the morphism induced by the inclusion k[Zn ∩ σ⊥] →֒ k[Zn].
(i) If Kχ is not the inverse image under pσ of any Kummer sheaf on Oσ, then (j!∗(Kχ[n]))|Oσ and
(Rj∗(Kχ[n]))|Oσ are acyclic, where Oσ is considered as a subscheme of X(Σ).
(ii) If Kχ = p
∗
σKχσ for some Kummer sheaf Kχσ on Oσ, then
(j!∗(Kχ[n]))|Oσ
∼= (Kχσ [n− dim(σ)])⊗ x
∗
σ(jσ !∗(Qℓ[dim(σ)])),
(Rj∗(Kχ[n]))|Oσ
∼= (Kχσ [n− dim(σ)])⊗ x
∗
σ(Rjσ∗(Qℓ[dim(σ)])),
where by abuse of notation we denote the inverse image on any k-scheme of the complex x∗σ(jσ !∗(Qℓ[dim(σ)]))
(resp. x∗σ(Rjσ∗(Qℓ[dim(σ)]))) on Spec k also by x
∗
σ(jσ !∗(Qℓ[dim(σ)])) (resp. x
∗
σ(Rjσ∗(Qℓ[dim(σ)]))).
Proof. The statements about (j!∗(Kχ[n]))|Oσ is [10, Lemma 1.3]. The same proof works for (Rj∗(Kχ[n]))|Oσ .
In the following, we apply Lemma 1.2 to the special case where Σ = Σ(δ) for a rational convex
polyhedral cone δ of dimension n in Rn. For any face τ of δ, let στ = (coneδ(τ))
∨. We have σ⊥τ = span τ
and Oστ = Spec k[Z
n ∩ span τ ]. We denote the torus Spec k[Zn ∩ span τ ] by Tτ . To fix notation, we
state Lemma 1.2 for this special case as follows:
Lemma 1.3. Let δ be a rational convex polyhedral cone of dimension n in Rn, let cone◦δ(τ) be the
image of coneδ(τ) under the canonical homomorphism R
n → Rn/span τ . It is a rational convex
polyhedral cone in Rn/span τ of dimension dim(Rn/span τ), and 0 is a face of cone◦δ(τ). Let
xτ : Spec k → X(Σ(cone
◦
δ(τ))) = Spec k[(Z
n/Zn ∩ span τ) ∩ cone◦δ(τ)]
be the distinguished point in X(Σ(cone◦δ(τ))), let
j : Tn →֒ X(Σ(δ)), jτ : T
n−dim τ = Spec k[Zn/Zn ∩ span τ ] →֒ X(Σ(cone◦δ(τ)))
be the immersions of the open dense tori in toric schemes. Denote by pτ : T
n → Tτ the morphism
induced by the inclusion k[Zn ∩ span τ ] →֒ k[Zn].
(i) If Kχ is not the inverse image under pτ of any Kummer sheaf on Tτ , then (j!∗(Kχ[n]))|Oστ
and (Rj∗(Kχ[n]))|Oστ are acyclic, where Oστ is considered as a subscheme of X(Σ(δ)).
(ii) If Kχ = p
∗
τKχτ for some Kummer sheaf Kχτ on Tτ , then
(j!∗(Kχ[n]))|Oστ
∼= (Kχτ [dim(τ)]) ⊗ x
∗
τ (jτ !∗(Qℓ[n− dim(τ)])),
(Rj∗(Kχ[n]))|Oστ
∼= (Kχτ [dim(τ)]) ⊗ x
∗
τ (Rjτ∗(Qℓ[n− dim(τ)])).
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The morphism ι : Tn → A′N in Lemma 1.1 is induced by the k-homomorphism
ι♮ : k[ξ1, . . . , ξN ]→ k[t
±1
1 , . . . , t
±1
n ], ξj 7→ t
w1j
1 · · · t
wnj
n .
Let im ι be the scheme theoretic image of ι. It is the closed subscheme Spec (k[ξ1, . . . , ξN ]/ker ι
♮) of
A′N . We have
k[ξ1, . . . , ξN ]/ker ι
♮ ∼= im ι♮,
and it is clear that im ι♮ is spanned by monomials of the form tw11 · · · t
wn
n , where w =


w1
...
wn

 lies in
the sub-semigroup S of Zn generated by w1, . . . ,wN . So we have
im ι♮ ∼= k[S].
Hence im ι is isomorphic to Spec k[S], which is an affine toric variety (not necessarily normal). Let
δ be the convex polyhedral cone in Rn generated by w1, . . . ,wN . By [6, Proposition 1.3.8], the
normalization of Spec k[S] is the toric variety X(Σ(δ)) = Spec k[Zn ∩ δ]. Denote by g the composite
X(Σ(δ))→ im ι→ A′N .
It is induced by the k-homomorphism
k[ξ1, . . . , ξN ]→ k[Z
n ∩ δ], ξj 7→ wj .
Note that g is a finite morphism. Let j : Tn = Spec k[Zn] →֒ X(Σ(δ)) be the immersion of the open
dense torus. It is induced by the inclusion k[Zn ∩ δ] →֒ k[Zn]. We have ι = gj.
Lemma 1.4. Suppose that χ satisfies the non-resonance condition. Then the canonical morphism
j!Kχ → Rj∗Kχ is an isomorphism.
Proof. If χ satisfies the non-resonance condition, then by Lemma 1.3 (i), we have (Rj∗Kχ)|Oστ = 0 for
any proper face τ of δ. The union of Oστ where τ goes over proper faces of δ is exactly the complement
of the open dense torus in X(Σ(δ)). Hence j!Kχ ∼= Rj∗Kχ.
We are now ready to prove Theorem 0.3.
Proof of Theorem 0.3. Since ι is quasi-finite and affine, ι!Kχ[n] is perverse by [5, Corollaire 4.1.3]. By
Lemma 1.1 and [24, The´ore`me 1.3.2.3], Hypψ(χ) is perverse. The perverse sheaf ι!Kχ[n] is mixed of
weights ≤ n. By Lemma 1.1 and [7, The´ore`me 3.3.1], Hypψ(χ) is mixed of weights ≤ n+N .
Suppose furthermore that χ satisfies the non-resonance condition. By Lemma 1.3, the canonical
morphism j!Kχ[n] → Rj∗Kχ[n] is an isomorphism. We have ι = gj and g is a finite morphism. It
follows that the canonical morphism ι!Kχ[n] → Rι∗Kχ[n] is an isomorphism, and hence ι!Kχ[n] ∼=
ι!∗(Kχ[n]). Suppose furthermore that w1, . . . ,wN generate Z
n. We will show in a moment that
ι is then an immersion. So ι!∗(Kχ[n]) is an irreducible perverse sheaf by [5, The´ore`me 4.3.1 (ii)].
By Lemma 1.1 and [24, The´ore`me 1.3.2.3], Hypψ(χ) is also an irreducible perverse sheaf. By [5,
Corollaire 5.4.3], ι!∗(Kχ[n]) is a pure perverse sheaf of weight n. By Lemma 1.1 and [22, The´ore`me
2.2.1], Hypψ(χ) is a pure perverse sheaf of weight n+N .
Let’s prove ι is an immersion under the condition that w1, . . . ,wN generate Z
n. There exists an
(N × n)-matrix B = (vij) with integer entries such that AB = In. Consider the morphism
ι′ : TN → Tn, (ξ1, . . . , ξN ) 7→ (ξ
v11
1 · · · ξ
vN1
N , . . . , ξ
v1n
1 · · · ξ
vNn
N ).
One can verify that ι′ι = idTn . This implies that ι : T
n → TN is a closed immersion, and hence
ι : Tn → A′N is an immersion.
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Theorem 1.5. Keep the notation in Lemma 1.3. Let δ be the convex polyhedral cone in Rn generated
by w1, . . . ,wN , let T be the set of proper faces τ of δ so that Kχ ∼= p
∗
τKχτ for a Kummer sheaf Kχτ
on the torus Tτ = Spec k[Z
n ∩ span τ ], let Nτ be the number of those wj (j = 1, . . . , N) lying in τ ,
and let qτ : A
N → ANτ be the projection
(x1, . . . , xN ) 7→ (xj)wj∈τ .
Then in the K-group K(Dbc(A
N ,Qℓ)) of D
b
c(A
N ,Qℓ), we have[
Hypψ(χ)
]
=
[
FTψ(ι!∗(Kχ[n]))
]
−
∑
τ∈T
[
q∗τHypψ(χτ )[N −Nτ ]⊗ x
∗
τ (jτ !∗Qℓ[n− dim τ ])
]
,
where Hypψ(χτ ) is the GKZ-hypergeometric sheaf associated to the Kummer sheaf χτ and the vectors
(wj)wj∈τ in Z
n ∩ span τ .
Proof. Let κτ : Tτ → X(Σ(δ)) be the immersion of Oστ = Tτ considered as a subscheme of X(Σ(δ)).
By Lemma 1.3, in the K-group K(Dbc(X(Σ(δ)),Qℓ)) of D
b
c(X(Σ(δ)),Qℓ), we have[
j!∗(Kχ[n])
]
=
[
j!(Kχ[n])
]
+
∑
τ∈T
[
κτ !(Kχτ [dim τ ])⊗ x
∗
τ (jτ !∗(Qℓ[n− dim τ ]))
]
.
Applying g! = Rg∗ to the above equality, we get that in the K-group K(D
b
c(A
′N ,Qℓ)) of D
b
c(A
′N ,Qℓ),
we have[
ι!∗(Kχ[n])
]
=
[
ι!(Kχ[n])
]
+
∑
τ∈T
[
(gκτ )!(Kχτ [dim τ ])⊗ x
∗
τ (jτ !∗(Qℓ[n− dim τ ]))
]
.
Applying the Deligne-Fourier transformation to this equality, we get that in theK-groupK(Dbc(A
N ,Qℓ)),
we have[
FTψ(ι!∗(Kχ[n]))
]
=
[
FTψ(ι!(Kχ[n]))
]
+
∑
τ∈T
[
FTψ
(
(gκτ )!(Kχτ [dim τ ])
)
⊗ x∗τ (jτ !∗(Qℓ[n− dim τ ]))
]
.
Let iτ : A
′Nτ → A′N be the inclusion of the coordinate plane corresponding to those coordinates ξj
so that wj ∈ τ . It is the closed immersion corresponding to the k-homomorphism
k[ξ1, . . . , ξN ]→ k[ξj ]wj∈τ , ξj 7→
{
ξj if wj ∈ τ,
0 if wj 6∈ τ.
Let ιτ : Tτ → A
′Nτ be the morphism corresponding to the k-homomorphism
k[ξj ]wj∈τ → k[Z
n ∩ span τ ], ξj 7→ wj .
One can verify that
gκτ = iτ ιτ .
So we have
FTψ
(
(gκτ )!(Kχτ [dim τ ])
)
∼= FTψ
(
iτ ∗ιτ !(Kχτ [dim τ ])
)
∼= q∗τ
(
FTψ(ιτ !(Kχτ [dim τ ]))
)
[N −Nτ ],
where the second isomorphism follows from [24, The´ore`me 1.2.2.4]. We thus have[
FTψ(ι!∗(Kχ[n]))
]
=
[
FTψ(ι!(Kχ[n]))
]
+
∑
τ∈T
[
q∗τ
(
FTψ(ιτ !(Kχτ [dim τ ]))
)
[N −Nτ ]⊗ x
∗
τ (jτ !∗(Qℓ[n− dim τ ]))
]
.
By Lemma 1.1 we have FTψ(ι!(Kχ[n])) ∼= Hypψ(χ) and FTψ(ιτ !(Kχτ [dim τ ]))
∼= Hypψ(χτ ). Our
assertion follows.
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We are now ready to prove Theorem 0.4 (i)-(ii).
Proof of Theorem 0.4 (i)-(ii). (i) can be deduced from results in [9]. Let
f =
N∑
j=1
ajt
w1j
1 · · · t
wnj
n ∈ k¯[t
±1
1 , . . . , t
±1
n ]
be a Laurent polynomial nondegenerate with respect to ∆. Then by [10, Proposition 0.1], we have
dimHic(T
n ⊗k k¯,Kχ ⊗ f
∗Lψ) =
{
0 if i 6= n,
n!vol(∆) if i = n.
As explained in [10], this result can be deduced from [9, Theorem 1.3]. ([9, Theorem 1.3] follows from
from [9, Theorem 2.7], which is deduced from a theorem of Bernstein-Kushinirenko-Khovanskii over
the complex field by using a comparison theorem and a specialization argument to reduce characteristic
p case to characteristic 0 case. Using the method in [23] and [19, VII 7.3], one can prove [9, Theorem
2.7] directly without passing to characteristic 0 case.) So we have
dimRΓc(T
n ⊗k k¯,Kχ ⊗ f
∗Lψ) = (−1)
nn!vol(∆).
Denote the k¯-point (a1, . . . , aN ) in A
N by a. We have
(Hypψ(χ))a
∼= RΓc(T
n ⊗k k¯,Kχ ⊗ f
∗Lψ)[n+N ].
Hence
dim(Hypψ(χ))a = (−1)
Nn!vol(∆)
for any point geometric point a in V . So the rank of Hypψ(χ) is (−1)
Nn!vol(∆).
(ii) Let K be a mixed complex. (Confer [5, 5.1.5] for the definition of mixed complex). For any
i, w ∈ Z, let pHi(K)w be the weight w sub-quotient of the weight filtration for the i-th perverse
cohomolgy sheaf pHi(K). Define
P (K) =
∑
i,w∈Z
(−1)irank(pHi(K)w)T
w.
By Theorem 1.5, we have
P (Hypψ(χ)) = P (FTψ(ι!∗(Kχ[n])))−
∑
τ∈T
P
(
q∗τHypψ(χτ )[N −Nτ ]⊗ x
∗
τ (jτ !∗Qℓ[n− dim τ ])
)
.
Since qτ is smooth of relative dimensionN−Nτ , the functor q
∗
τ [N−Nτ ]
∼= Rq!τ (−(N−Nτ))[−(N−Nτ)]
is exact with respect to the perverse t-structure. (Confer [5, 4.2.5]). Moreover Hypψ(χτ ) is perverse
by Theorem 0.3. So we have
pHi
(
q∗τHypψ(χτ )[N−Nτ ]⊗x
∗
τ (jτ !∗Qℓ[n−dim τ ])
)
∼= q∗τHypψ(χτ )[N−Nτ ]⊗H
i
(
x∗τ (jτ !∗Qℓ[n−dim τ ])
)
.
Let αi be the coefficient of T
i in the polynomial α(cone◦δ(τ)). By [9, Theorem 6.2], H
i
(
x∗τ (jτ !∗Qℓ[n−
dim τ ])
)
is pure of weight i+ n− dim τ and
dimHi
(
x∗τ (jτ !∗Qℓ[n− dim τ ])
)
= αi+n−dim τ .
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By [5, 5.1.14], the functor q∗τ [N−Nτ ] transforms perverse sheaves pure of weight w to perverse sheaves
pure of weight w + N − Nτ . Let Hyp(χτ )w be the weight w subquotient of the weight filtration for
the mixed perverse sheaf Hyp(χτ ). From the above facts, we get
P
(
q∗τHypψ(χτ )[N −Nτ ]⊗ x
∗
τ (jτ !∗Qℓ[n− dim τ ])
)
=
∑
i,w
(−1)i(−1)N−Nταi+n−dim τ rank(Hypψ(χτ )w)T
w+N−Nτ+i+n−dim τ
= (−1)n−dim τ+N−NτTN−Nτ
(∑
w
rank(Hypψ(χτ )w)T
w
)(∑
i
(−1)i+n−dim ταi+n−dim τT
i+n−dim τ
)
= (−1)n−dim τ+N−NτTN−NτP (Hypψ(χτ ))α(cone
◦
δ(τ)).
Here for the last equality, we use the fact α(cone◦δ(τ))(−T ) = α(cone
◦
δ(τ))(T ) since α(cone
◦
δ(τ))
involves only even powers of T . Since ι!∗(Kχ[n]) is a pure perverse sheaf of weight n, its Deligne-
Fourier transform FTψ(ι!∗(Kχ[n])) is a pure perverse sheaf of weight n+N . So we have
P (FTψ(ι!∗(Kχ[n]))) = bT
n+N
for some integer b. We thus have
P (Hypψ(χ)) = bT
n+N −
∑
τ∈T
(−1)n−dim τ+N−NτTN−NτP (Hypψ(χτ ))α(cone
◦
δ(τ)).
Evaluating this equation at T = 1, and using the fact
P (Hypψ(χ))(1) = (−1)
Nn!vol(∆),
P (Hypψ(χτ ))(1) = (−1)
Nτ (dim τ)!vol(∆ ∩ τ)
which is deduced from (i), we get
b = (−1)Nn!vol(∆) +
∑
τ∈T
(−1)n−dim τ+N(dim τ)!vol(∆ ∩ τ)α(cone◦δ(τ))(1),
that is, we have b = e(∆, χ). So we have
P (Hypψ(χ)) = e(∆, χ)T
n+N −
∑
τ∈T
(−1)n−dim τ+N−NτTN−NτP (Hypψ(χτ ))α(cone
◦
δ(τ)).
By this expression, the definition of E(∆, χ), and induction on dim∆, we get
P (Hypψ(χ)) = E(∆, χ).
Since Hypψ(χ) is a mixed perverse sheaf of weight ≤ n + N , the degree of P (Hypψ(χ)) is at most
n+N . Similarly, the degree of P (Hypψ(χτ )) is at most dim τ +Nτ . By the definition of α, we have
deg(α(cone◦δ(τ))) ≤ dim(cone
◦
δ(τ)) − 1 = n− dim τ − 1.
It follows from the last expression of P (Hypψ(χ)) that en+N = e(∆, χ).
Finally we prove Theorem 0.5.
Proof of Theorem 0.5. Theorem 0.5 (i) is Lemma 1.1. Let’s prove (ii). In the Abelian category of
perverse sheaves, we have an epimorphism
j!Kχ[n]։ j!∗(Kχ[n]).
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Let K be the kernel of this epimorphism. We have a distinguished triangle
j!Kχ[n]→ j!∗(Kχ[n])→ K[1]→ .
On the complement X(Σ(δ))−Tn of the open dense torus, we have (j!Kχ[n])|X(Σ(δ))−Tn = 0. It follows
that
K|X(Σ(δ))−Tn ∼=
(
j!∗(Kχ[n])[−1]
)
|X(Σ(δ))−Tn .
But j!∗(Kχ[n]) is a pure complex of weight n. So
(
j!∗(Kχ[n])[−1]
)
|X(Σ(δ))−Tn is mixed of weight
≤ n − 1. Hence K|X(Σ(δ))−Tn is mixed of weight ≤ n − 1. On the other hand, we have K|Tn = 0.
So K is mixed of weight ≤ n − 1. Hence j!∗(Kχ[n]) is the weight n subquotient of j!Kχ[n]. Since
ι = gj and g is a finite morphism, ι!∗(Kχ[n]) is the weight n subquotient of ι!Kχ[n]. Taking the
Deligne-Fourier transformation, we get that FTψ(ι!∗(Kχ[n])) is the weight n + N subquotient of
Hypψ(χ)
∼= FTψ(ι!Kχ[n]) by [22, The´ore`me 2.2.1]. The rank of FTψ(ι!∗(Kχ[n])) is e(∆, χ) by the
proof of Theorem 0.4.
2 The lisse locus of the GKZ hypergeometric sheaf
In this section, we prove Theorem 0.4 (iii), that is, for each i, Hi(Hypψ(χ)) is lisse on the open subset
V of AN parametrizing Laurent polynomials nondegenerate with respect to ∆. Let [q− 1] : Tn → Tn
be the morphism
(t1, . . . , tn) 7→ (t
q−1
1 , . . . , t
q−1
n ).
Then Kχ is a direct factor of [q − 1]∗Qℓ. It follows that Hypψ(χ) = Rπ2!(π
∗
1Kχ ⊗ F
∗Lψ)[n + N ] is
a direct factor of Rπ2!(π
∗
1 [q − 1]∗Qℓ ⊗ F
∗Lψ)[n + N ]. Fix notation by the following commutative
diagram:
Tn
π1← Tn × AN
[q−1] ↓ [q−1]×id ↓ ց π2
Tn
π1← Tn × AN
π2→ AN .
F ↓
A1
We have
Rπ2!(π
∗
1 [q − 1]∗Qℓ ⊗ F
∗Lψ) ∼= Rπ2!(([q − 1]× id)∗Qℓ ⊗ F
∗Lψ)
∼= Rπ2!([q − 1]× id)∗([q − 1]× id)
∗F ∗Lψ
∼= Rπ2!(F ◦ ([q − 1]× id))
∗Lψ .
Note that
F ◦ ([q − 1]× id)(t1, . . . , tn, x1, . . . , xN ) =
N∑
j=1
xj(t
w1j
1 · · · t
wnj
n )
q−1.
So Rπ2!(π
∗
1 [q − 1]∗Qℓ ⊗ F
∗Lψ)[n+N ] is isomorphic to the GKZ hypergeometric sheaf Hypψ(1) asso-
ciated to the trivial character 1 : (k∗)n → Q
∗
ℓ and the vectors (q − 1)wj (j = 1, . . . , N). Moreover,
for any rational point (a1, . . . , aN ) of V , the Laurent polynomial
∑N
j=1 aj(t
w1j
1 · · · t
wnj
n )q−1 is non-
degenerate with respect to (q − 1)∆. As Hypψ(χ) is a direct factor of Hypψ(1), to show Hypψ(χ) is
lisse on V , it suffices to show Hypψ(1) is lisse on V . We are thus reduced to the case where χ = 1.
For simplicity of notation, we still work with the vectors wj instead of (q − 1)wj .
Let ∆ be a rational convex polytope of dimension n in Rn. Then the set
Σ(∆) = {(cone∆(Γ))
∨|Γ ≺ ∆}
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is a fan, where for any face Γ of ∆, cone∆(Γ) is the cone in R
n generated by u′ − u (u′ ∈ ∆, u ∈ Γ),
and (cone∆(Γ))
∨ is its dual. The toric variety X(Σ(∆)) is proper over k, and it has an open covering
Spec k[Zn ∩ cone∆(Γ)] (Γ ≺ ∆). Let j¯ : T
n →֒ X(Σ(∆)) be the immersion of the open dense torus,
and let π¯2 : X(Σ(∆))× A
N → AN be the projection. We have a commutative diagram
A1
F ↑
Tn
π1← Tn × AN
j¯×id
→֒ X(Σ(∆))× AN .
π2 ↓ ւ π¯2
AN
Since π¯2 is proper, we have
Hypψ(1) = Rπ2!F
∗Lψ [n+N ]
∼= Rπ¯2∗(j¯ × id)!F
∗Lψ[n+N ].
That Hypψ(1) is lisse on V follows directly from the following proposition. (Confer [8, Finitude A 2]).
Proposition 2.1. Over the open subset V of AN , (j¯ × id)!F
∗Lψ is universally locally acyclic relative
to π¯2.
Proof. As in [7, 3.7.3], we prove that over V , the pair
(
(j¯ × id)!F
∗Lψ , π¯2
)
is locally constant, that is,
locally with respect to the e´tale topology, it is isomorphic to the base change (p∗1L, p2) to A
N of a pair
(L, X), where X is a k-scheme, L is a Qℓ-sheaf on X , p1 : X ×k A
N → X and p2 : X ×k A
N → AN
are projections. Our assertion then follows from [8, Finitude 2.16].
Let Γ be a face of ∆, and let σΓ = (cone∆(Γ))
∨ be the cone in Σ(∆) corresponding to Γ. We have
σ⊥Γ = span(Γ− Γ),
where Γ− Γ = {u′ − u|u, u′ ∈ Γ}. We have a closed immersion
OσΓ = Spec k[Z
n ∩ span(Γ− Γ)]→ UσΓ = Spec k[Z
n ∩ cone∆(Γ)]
induced by the k-epimorphism
k[Zn∩ cone∆(Γ)]→ k[Z
n ∩ span(Γ−Γ)], u 7→
{
u if u ∈ span(Γ− Γ)
0 if u 6∈ span(Γ− Γ)
for any u ∈ Zn ∩ cone∆(Γ).
Regard OσΓ as a subscheme of X(Σ). We have X(Σ(∆)) =
∐
Γ≺∆OσΓ .
First consider the case where Γ is a face of ∆ containing 0. Then we have wj ∈ cone∆(Γ) for all
j = 1, . . . , N . So the polynomial
∑N
j=1 xjt
w1j
1 · · · t
wnj
n can be regarded as an element in
Γ(UσΓ × A
N ,OUσΓ×AN )
∼= k[Zn ∩ cone∆(Γ)][x1, . . . , xN ].
Hence the morphism F : Tn × AN → A1 can be extended to a morphism F : UσΓ × A
N → A1. The
sheaf F
∗
Lψ is locally constant on UσΓ × A
N . Let j : Tn → UσΓ be the immersion of the open dense
torus. Then the restriction of the pair
(
(j¯ × id)!F
∗Lψ, π¯2
)
to UσΓ × A
N is isomorphic to the pair
(
(j × id)!(j × id)
∗F
∗
Lψ , UσΓ × A
N → AN
)
,
and locally with respect to the e´tale topology, the second pair is isomorphic to the base change to AN
of the pair (j!Qℓ, UσΓ).
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Now suppose Γ is a face of ∆ not containing 0, and let (P, a) : Spec k¯ → X(Σ(∆))×V be a k¯-point
of X(Σ(∆)) × V , where P : Spec k¯ → X(Σ(∆)) is a k¯-point of X(Σ(∆)) lying in OσΓ , and a is a
k¯-point of AN with coordinate (a1, . . . , aN ) lying in V . Let’s prove the pair
(
π¯2, (j¯ × id)!F
∗Lψ
)
is
locally constant near the point (P, a). As X(Σ(∆)) =
∐
Γ≺∆OσΓ , this will finish the proof of our
assertion.
We first make some simplification. Choose a codimension 1 face Γ¯ of ∆ not containing the origin
but containing Γ, and choose relatively prime integers d1, . . . , dn so that the restriction to ∆ of the
linear function
φ(v1, . . . , vn) = d1v1 + · · ·+ dnvn
takes its minimum d exactly on the codimension one face Γ¯. By our assumption, p does not divide d,
and we have
φ|∆ ≥ d, Γ ⊂ {v ∈ ∆|φ(v) = d}.
Since d1, . . . , dn are relatively prime, the abelian group Z
n/Z(d1, . . . , dn) is torsion free. Indeed, there
exist integers a1, . . . , an ∈ Z such that
n∑
i=1
aidi = 1.
If (x1, . . . , xn) ∈ Z
n and k(x1, . . . , xn) = m(d1, . . . , dn) for some integers k 6= 0 and m, then k divides
md1, . . . ,mdn and hence k divides m =
∑n
i=1maidi. It follows that (x1, . . . , xn) =
m
k (d1, . . . , dn) lies
in the subgroup of Zn generated by (d1, . . . , dn). So Z
n/Z(d1, . . . , dn) is torsion free, and hence free. It
follows that Z(d1, . . . , dn) is a direct factor of Z
n. Hence φ is part of a basis of Hom(Zn,Z). Note that
φ|span(Γ−Γ) = 0. Choose a basis {φ1, . . . , φn} of Hom(Z
n,Z) so that φn = φ and that {φm+1, . . . , φn}
form a basis of span(Γ − Γ)⊥ (m = dimΓ). Let {e1, . . . , en} be the dual basis of {φ1, . . . , φn}. We
have
span(Γ− Γ) = span{e1, . . . , em}.
Expand elements in Zn with respect to this basis and denote w1e1+ · · ·+wnen by w = (w1, . . . , wn).
For any w ∈ ∆ (resp. w ∈ Γ), we have wn ≥ d (resp. wn = d). Moreover, for any m + 1 ≤ i ≤ n,
elements in Γ have a common i-th coordinate.
Let cone◦∆(Γ) be the image of cone∆(Γ) under the projection R
n → span{em+1, . . . , en}. We have
cone∆(Γ) = span(Γ− Γ)⊕ cone
◦
∆(Γ),
k[Zn ∩ cone∆(Γ)] ∼= k[Z
n−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m ].
Since the k¯-point P of X(Σ(∆)) lies in OσΓ , P corresponds to a k-homomorphism
P ♮ : k[Zn ∩ cone∆(Γ)]→ k¯
such that for any u ∈ Zn ∩ cone∆(Γ), we have P
♮(u) = 0 if u 6∈ span(Γ− Γ), and P ♮(u) is a nonzero
element in k∗ if u ∈ span(Γ− Γ). Fix j0 ∈ {1, . . . , N} so that wj0 = (w1j0 , . . . , wnj0) lies in Γ. Write
t
−w1j0
1 · · · t
−wnj0
n F =
N∑
j=1
xjt
i1j
1 · · · t
inj
n ,
where (i1j , . . . , inj) = (w1j , . . . , wnj)−(w1j0 , . . . , wnj0). This is an element in k[Z
n∩cone∆(Γ)][x1, . . . , xN ].
Set FΓ =
∑
wj∈Γ
xjt
w1j
1 · · · t
wnj
n . Then since elements in Γ have a common i-th coordinate for any
m + 1 ≤ i ≤ n, the polynomial t
−w1j0
1 · · · t
−wnj0
n FΓ is a sum of monomials involving only t1, . . . , tm,
that is,
t
−w1j0
1 · · · t
−wnj0
n FΓ =
∑
wj∈Γ
xjt
i1j
1 · · · t
imj
m .
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Since f =
∑N
j=1 ajt
w1j
1 · · · t
wnj
n is nondegenerate with respect to ∆,
∂fΓ
∂t1
= · · · =
∂fΓ
∂tn
= 0
has no solution in (k∗)n. This implies that
t
−w1j0
1 · · · t
−wnj0
n fΓ =
∂
∂t1
(t
−w1j0
1 · · · t
−wnj0
n fΓ) = · · · =
∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n fΓ) = 0
has no solution in (k∗)n. In particular, not all
(t
−w1j0
1 · · · t
−wnj0
n FΓ)(P, a),
( ∂
∂t1
(t
−w1j0
1 · · · t
−wnj0
n FΓ)
)
(P, a), . . . ,
( ∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n FΓ)
)
(P, a)
are zero.
Case 1. (t
−w1j0
1 · · · t
−wnj0
n FΓ)(P, a) = 0.
Then there exists i ∈ {1, . . . ,m} such that
(
∂
∂ti
(t
−w1j0
1 · · · t
−wnj0
n FΓ)
)
(P, a) 6= 0. Without loss of
generality, suppose
(
∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n FΓ)
)
(P, a) 6= 0. Consider the k-homomorphism
ϕ♮ : k[Zn−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m−1, tm, x1, . . . , xN ] → k[Z
n ∩ cone∆(Γ)][x1, . . . , xN ]
= k[Zn−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m , x1, . . . , xN ]
defined by
tm 7→ (t
−w1j0
1 · · · t
−wnj0
n F )t
w1j0
1 · · · t
wmj0
m ,
g 7→ g if g ∈ k[Zn−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m−1, x1, . . . , xN ].
It induces a k-morphism
ϕ : UσΓ × A
N →
(
Spec k[Zn−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m−1, tm]
)
× AN .
Note that if wj ∈ ∆\Γ, then we have wj −wj0 ∈ cone∆(Γ)\span(Γ−Γ) and hence P
♮(wj −wj0) = 0.
It follows that
(t
w1j−w1j0
1 · · · t
wnj−wnj0
n )(P, a) = 0(
tm
∂
∂tm
(t
w1j−w1j0
1 · · · t
wnj−wnj0
n )
)
(P, a) =
(
(wmj − wmj0)t
w1j−w1j0
1 · · · t
wnj−wnj0
n
)
(P, a) = 0.
So we have
(t
−w1j0
1 · · · t
−wnj0
n F )(P, a) = (t
−w1j0
1 · · · t
−wnj0
n FΓ)(P, a)
= 0.(
tm
∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n F )
)
(P, a) =
(
tm
∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n FΓ)
)
(P, a)
6= 0.
On the other hand, (w1j0 , · · · , wmj0 , 0, . . . , 0) lies in span(Γ− Γ), we have
(t
w1j0
1 · · · t
wmj0
m )(P, a) 6= 0.
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It follows that (
tm
∂
∂tm
(
(t
−w1j0
1 · · · t
−wnj0
n F )t
w1j0
1 · · · t
wmj0
m
))
(P, a)
=
(
tm
∂
∂tm
(t
−w1j0
1 · · · t
−wnj0
n F )
)
(P, a) · (t
w1j0
1 · · · t
wmj0
m )(P, a)
+(t
−w1j0
1 · · · t
−wnj0
n F )(P, a)
(
tm
∂
∂tm
(t
w1j0
1 · · · t
wmj0
m )
)
(P, a)
6= 0.
By the Jacobian criterion, ϕ is etale at the k¯-point (P, a) of UσΓ × A
N . Let
j : Spec k[Zn−m][t±11 , . . . , t
±1
m−1, tm] →֒ Spec k[Z
n−m ∩ cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m−1, tm]
be the canonical open immersion, and let F0 be the morphism
Spec k[Zn−m][t±11 , . . . , t
±1
m−1, tm]→ A
1, (t1, . . . , tn)→ tmt
wm+1,j0
m+1 · · · t
wnj0
n .
Through the etale morphism ϕ, locally near (P, a) with respect to the etale topology, the pair(
(j¯ × id)!F
∗Lψ, π¯2
)
is isomorphic to the base change to AN of the pair (j!F
∗
0Lψ , Spec k[Z
n−m ∩
cone◦∆(Γ)][t
±1
1 , . . . , t
±1
m−1, tm]).
Case 2. (t
−w1j0
1 · · · t
−wnj0
n FΓ)(P, a) 6= 0.
Recall that wnj = d for all wj ∈ Γ. Since p does not divide d, the canonical morphism
ψ : Speck[Zn ∩ cone∆(Γ)][x1, . . . , xn][T, T
−1]/(T d − t
−w1j0
1
· · · t
−wnj0
n F ) → Spec k[Z
n
∩ cone∆(Γ)][x1, . . . , xn]
= UσΓ × A
N
is etale over the k¯-point (P, a). Consider the k-homomorphism
θ♮ : k[Zn ∩ cone∆(Γ)][x1, . . . , xn]→ k[Z
n ∩ cone∆(Γ)][x1, . . . , xn][T, T
−1]/(T d − t
−w1j0
1 · · · t
−wnj0
n F )
defined by
tw11 · · · t
wn
n 7→ t
w1
1 · · · t
wn
n T
wn for any w = (w1, . . . , wn) ∈ Z
n ∩ cone∆(Γ)
g 7→ g for any g ∈ k[x1, . . . , xn],
It induces a k-morphism
θ : Spec k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T, T
−1]/(T d − t
−w1j0
1
· · · t
−wnj0
n F ) → Speck[Z
n
∩ cone∆(Γ)][x1, . . . , xn]
= UσΓ × A
N .
We claim that θ is etale over (P, a). Indeed, we have a commutative diagram
k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T,T
−1]/(T d − F˜ )
∼=
→ k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T,T
−1]/(T d − t
−w1j0
1
· · · t
−wnj0
n F )
↑ ↑
k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T,T
−1]
∼=
→ k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T, T
−1]
↑
k[Zn ∩ cone∆(Γ)][x1, . . . , xn],
where the vertical arrows are canonical homomorphisms, and horizontal arrows are isomorphisms
defined by
tw11 · · · t
wn
n 7→ t
w1
1 · · · t
wn
n T
wn for any w = (w1, . . . , wn) ∈ Z
n ∩ cone∆(Γ),
g 7→ g for any g ∈ k[x1, . . . , xn, T, T
−1],
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and F˜ is the preimage of t
−w1j0
1 · · · t
−wnj0
n F with respect to the second horizontal arrow, that is,
F˜ = t
−w1j0
1 · · · t
−wnj0
n T
wnj0
( N∑
j=1
xjt
w1j
1 · · · t
wnj
n T
−wnj
)
=
N∑
j=1
xjt
w1j−w1j0
1 · · · t
wnj−wnj0
n T
wnj0−wnj .
To prove θ is etale over (P, a), it suffices to show the canonical morphism
θ′ : Spec k[Zn ∩ cone∆(Γ)][x1, . . . , xn][T, T
−1]/(T d − F˜ )→ Spec k[Zn ∩ cone∆(Γ)][x1, . . . , xn]
is etale over (P, a). Indeed, if wj ∈ ∆\Γ, we have wj −wj0 ∈ cone∆(Γ)\span(Γ− Γ) and hence
(t
w1j−w1j0
1 · · · t
wnj−wnj0
n )(P, a) = 0.
If wj ∈ Γ, then wnj = wnj0 = d and hence wnj0 − wnj = 0. In any case, for any j = 1, . . . , N , we have( ∂
∂T
(xjt
w1j−w1j0
1 · · · t
wnj−wnj0
n T
wnj0−wnj )
)
(P, a)
=
(
(wnj0 − wnj)xjt
w1j−w1j0
1 · · · t
wnj−wnj0
n T
wnj0−wnj−1
)
(P, a)
= 0.
It follows that ( ∂
∂T
(T d − F˜ )
)
(P, a)
=
( ∂
∂T
(
T d −
N∑
j=1
xjt
w1j−w1j0
1 · · · t
wnj−wnj0
n T
wnj0−wnj
))
(P, a)
= dT d−1.
By the Jacobian criterion, θ′ is etale over (P, a). This proves our claim. Let
j : Tn = Spec k[Zn] →֒ Spec k[Zn ∩ cone∆(Γ)]
be the canonical open immersion, and let F0 be the morphism
Tn → A1, (t1, . . . , tn)→ t
w1j0
1 · · · t
wnj0
n .
Through the etale morphisms ψ and θ, locally near (P, a) with respect to the etale topology, the
pair
(
(j¯ × id)!F
∗Lψ, π¯2
)
is isomorphic to the base change to AN of the pair (j!F
∗
0Lψ , Spec k[Z
n ∩
cone∆(Γ)]).
3 Proof of Theorem 0.8
Suppose A satisfies the nonconfluence condition, that is, there exist integers c1, . . . , cn ∈ Z such that
n∑
i=1
ciwij = 1 (j = 1, . . . , N).
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Note that c1, . . . , cn ∈ Z are necessarily relatively prime. This implies that the quotient group
Zn/{m(c1, . . . , cn)|m ∈ Z} is free. Therefore {m(c1, . . . , cn)|m ∈ Z} is a direct factor of Z
n, and
(c1, . . . , cn) can be extended to a basis of Z
n. So we can find an (n×n)-matrix C = (cij) with integer
entries so that its row vectors form a basis of Zn and that its first row is exactly (c1, . . . , cn). The
matrix C is an invertible matrix in GL(n,Z), and
n∑
i=1
c1iwij = 1 (j = 1, . . . , N).
Set
w′kj =
n∑
i=1
ckiwij (k = 2, . . . , n, j = 1, . . . , N).
We first give an heuristic argument explaining the main idea of the proof of Theorem 0.8. Make the
change of variables
t1 = s
c11
1 · · · s
cn1
n , . . . , tn = s
c1n
1 · · · s
cnn
n ,
and let
χ′i = χ
ci1
1 · · ·χ
cin
n (i = 1, . . . , n).
Then we can evaluate the GKZ hypergeometric sum as follows:
Hypψ(x1, . . . , xN ;χ1, . . . , χn)
=
∑
t1,...,tn∈k∗
χ1(t1) · · ·χn(tn)ψ
( N∑
j=1
xjt
w1j
1 · · · t
wnj
n
)
=
∑
s1,...,sn∈k∗
χ1(s
c11
1 · · · s
cn1
n ) · · ·χn(s
c1n
1 · · · s
cnn
n )ψ
( N∑
j=1
xjs
∑n
i=1 c1iwij
1 · · · s
∑n
i=1 cniwij
n
)
=
∑
s1,...,sn∈k∗
χ′1(s1) · · ·χ
′
n(sn)ψ
( N∑
j=1
xjs1s
w′2j
2 · · · s
w′nj
n
)
=
∑
s2,...,sn∈k∗
χ′2(s2) · · ·χ
′
n(sn)
∑
s1∈F∗q
χ′1(s1)ψ
(
s1
N∑
j=1
xjs
w′2j
2 · · · s
w′nj
n
)
=
( ∑
s2,...,sn∈k∗
χ′2(s2) · · ·χ
′
n(sn)χ
′−1
1
( N∑
j=1
xjs
w′2j
2 · · · s
w′nj
n
))
g(χ′1, ψ),
where g(χ′1, ψ) =
∑
t∈k∗ χ
′
1(t)ψ(t) is the Gauss sum, and the last equality holds if χ
′
1 is nontrivial.
This shows that under this condition, the GKZ hypergeometric sum is a product of the Gauss sum
and a sum involving only multiplicative characters. We now give the proof of Theorem 0.8.
Proof of Theorem 0.8. Keep the notation above. The morphism
H : Tn → Tn,
H(s1, . . . , sn) = (s
c11
1 · · · s
cn1
n , . . . , s
c1n
1 · · · s
cnn
n )
is an isomorphism. Fix notations by the following diagram
Tn × AN
H×id
AN
↓
Tn
π1← Tn × AN
π2→ AN ,
F ↓
A1
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where π1 and π2 are projections, and F is the morphism defined by
F (t1, . . . , tn, x1, . . . , xN ) =
N∑
j=1
xjt
w1j
1 · · · t
wnj
n .
We have π2(H × idAN ) = π2, π1(H × idAN ) = Hπ1, and
F (H × idAN )(s1, . . . , sn, x1, . . . , xN )
=
N∑
j=1
xj(s
c11
1 · · · s
cn1
n )
w1j · · · (sc1n1 · · · s
cnn
n )
wnj
=
N∑
j=1
xjs
∑n
i=1 c1iwij
1 · · · s
∑n
i=1 cniwij
n
= s1
( N∑
j=1
xjs
w′2j
2 · · · s
w′nj
n
)
.
Let A′1 be the dual affine line of A1, let G : Tn−1 × AN → A′1 be the morphism defined by
G(s2, . . . , sn, x1, . . . , xN ) =
N∑
j=1
xjs
w′2j
2 · · · s
w′nj
n ,
and let
〈 , 〉 : A1 × A′1 → A1, (s, ξ) 7→ sξ
be the pairing between A1 and A′1. Denote the restriction of 〈 , 〉 to T1 × A′1 also by 〈 , 〉. Then we
have
F (H × idAN ) = 〈 , 〉 ◦ (idT1 ×G).
Moreover, we have
H∗(Kχ1 ⊠ · · ·⊠Kχn)
∼= Kχ′1 ⊠ · · ·⊠Kχ′n .
So we have
Hypψ(χ)
= Rπ2!
(
π∗1(Kχ1 ⊠ · · ·⊠Kχn)⊗ F
∗Lψ
)
[n+N ]
∼= R(π2(H × idAN ))!
(
(H × idAN )
∗π∗1(Kχ1 ⊠ · · ·⊠Kχn)⊗ (H × idAN )
∗F ∗Lψ
)
[n+N ]
∼= Rπ2!
(
π∗1H
∗(Kχ1 ⊠ · · ·⊠Kχn)⊗ (F (H × idAN ))
∗Lψ
)
[n+N ]
∼= Rπ2!
(
π∗1(Kχ′1 ⊠ · · ·⊠Kχ′n)⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[n+N ].
Fix notation by the following commutative diagram
T1
π
(0)
1← T1 × Tn−1 × AN ∼= Tn × AN
π
(0)
2 ↓ ↓ π2
Tn−1 × AN
π
(1)
2→ AN
π
(1)
1 ↓
Tn−1
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where all arrows are projections. By the projection formula, we have
Hypψ(χ)
∼= Rπ2!
(
π∗1(Kχ′1 ⊠ · · ·⊠Kχ′n)⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[n+N ]
∼= Rπ
(1)
2! Rπ
(0)
2!
(
π
(0)∗
2 π
(1)∗
1 (Kχ′2 ⊠ · · ·⊠Kχ′n)⊗ π
(0)∗
1 Kχ′1 ⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[n+N ]
∼= Rπ
(1)
2!
(
π
(1)∗
1 (Kχ′2 ⊠ · · ·⊠Kχ′n)⊗Rπ
(0)
2!
(
π
(0)∗
1 Kχ′1 ⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
))
[n+N ].
By Lemma 3.1 below, we have an isomorphism
Rπ
(0)
2!
(
π
(0)∗
1 Kχ′1 ⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[1] ∼= G∗(FTψ(κ!Kχ′1)),
where κ : T1 →֒ A1 is the canonical open immersion. So we have
Hypψ(χ)
∼= Rπ
(1)
2!
(
π
(1)∗
1 (Kχ′2 ⊠ · · ·⊠Kχ′n)⊗G
∗(FTψ(κ!Kχ′1))
)
[n+N − 1].
First consider the case where χ′1 is nontrivial. By [24, 1.4.3], we have
FTψ(κ!Kχ′1)
∼= κ!Kχ′−11
⊗G(χ′1, ψ),
whereG(χ′1, ψ) is the rank 1 lisse sheaf on Spec k so that the geometric Frobenius acts by multiplication
by the Gauss sum −g(χ′1, ψ) = −
∑
t∈k∗ χ
′
1(t)ψ(t), and we denote the inverse image of G(χ
′
1, ψ) on
any k-scheme also by G(χ′1, ψ). So we have
Hypψ(χ)
∼= Rπ
(1)
2!
(
π
(1)∗
1 (Kχ′2 ⊠ · · ·⊠Kχ′n)⊗G
∗κ!Kχ′−11
)
⊗G(χ′1, ψ)[n+N − 1].
Let M = q − 1. Denote by [M ] the endomorphisms on Tn−1 and on T1 defined by x 7→ xM . Then on
Tn−1, the sheaf [M ]∗Qℓ is a direct sum of sheaves Kχ′2 ⊠ · · ·⊠ Kχ′n , where χ
′
i (i = 2, . . . , n) run over
multiplicative characters of order dividing M , and on T1, the sheaf [M ]∗Qℓ is a direct sum of sheaves
Kχ′1 , where χ
′
1 runs over multiplicative characters of order dividing M . It follows that Hypψ(χ) is a
direct factor of Rπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ ⊗G
∗κ![M ]∗Qℓ
)
⊗G(χ′1, ψ)[n+N − 1]. Note that the morphisms
π
(1)
2 , π
(1)
1 , [M ], G and κ are all defined over Z. So Rπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ ⊗ G
∗κ![M ]∗Qℓ
)
defines an
object in Dbc(A
N
Z[1/ℓ],Qℓ). Take H = Rπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ ⊗ G
∗κ![M ]∗Qℓ
)
[n + N − 1]. It has the
required property in Theorem 0.8 (i).
Next consider the case where χ′1 = 1 is trivial. In this case, by Lemma 3.2 below, we have
FTψ(κ!Qℓ) = (RκZ[1/ℓ],∗Qℓ)|A′1
k
,
where κZ[1/ℓ] : T
1
Z[1/ℓ] → A
′1
Z[1/ℓ] is the complement of the zero section of the the (dual) affine line
A′1
Z[1/ℓ] over Z[1/ℓ]. So we have
Hypψ(χ)
∼= Rπ
(1)
2!
(
π
(1)∗
1 (Kχ′2 ⊠ · · ·⊠Kχ′n)⊗G
∗(RκZ[1/ℓ],∗Qℓ)|A′1
k
)
[n+N − 1].
The same argument as above shows that Hypψ(χ) is a direct factor of
Rπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ ⊗G
∗(RκZ[1/ℓ],∗Qℓ)|A′1
k
)
[n+N − 1].
Again the morphisms π
(1)
2 , π
(1)
1 , [M ] andG are all defined over Z, andRπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ⊗G
∗RκZ[1/ℓ],∗Qℓ
)
defines an object in Dbc(A
N
Z[1/ℓ],Qℓ). Take H = Rπ
(1)
2!
(
π
(1)∗
1 [M ]∗Qℓ ⊗G
∗RκZ[1/ℓ],∗Qℓ
)
[n+N − 1]. It
has the required property in Theorem 0.8 (ii).
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Lemma 3.1. Notation as above. We have an isomorphism
Rπ
(0)
2!
(
π
(0)∗
1 Kχ′1 ⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[1] ∼= G∗(FTψ(κ!Kχ′1)),
Proof. Fix notation by the following commutative diagram of Cartesian squares:
T1 × Tn−1 × AN
id
T1×G
ւ
κ′
ց
T1 × A′1 A1 × Tn−1 × AN
q1
ւ ց
id
A1×G
ւ
q2
ց
T1 A1 × A′1 Tn−1 × AN .
κ
ց
p1
ւ
p2
ց
G
ւ
A1 A′1
ց ւ
Spec k
By the proper base change theorem and the projection formula, we have
G∗FTψ(κ!Kχ′1)
= G∗Rp2!(p
∗
1κ!Kχ′1 ⊗ 〈 , 〉
∗Lψ)[1]
∼= Rq2!(idA1 ×G)
∗(p∗1κ!Kχ′1 ⊗ 〈 , 〉
∗Lψ)[1]
∼= Rq2!
(
(p1(idA1 ×G))
∗κ!Kχ′1 ⊗ (idA1 ×G)
∗〈 , 〉∗Lψ
)
[1]
∼= Rq2!
(
κ′!(q1(idT1 ×G))
∗Kχ′1 ⊗ (idA1 ×G)
∗〈 , 〉∗Lψ
)
[1]
∼= Rq2!κ
′
!
(
(q1(idT1 ×G))
∗Kχ′1 ⊗ κ
′∗(idA1 ×G)
∗〈 , 〉∗Lψ
)
[1]
∼= Rπ
(0)
2!
(
π
(0)∗
1 Kχ′1 ⊗ (〈 , 〉 ◦ (idT1 ×G))
∗Lψ
)
[1].
This proves our assertion.
Lemma 3.2. For any commutative ring R, let 0R : SpecR → A
′1
R be the zero section of the (dual)
affine line A′1R, and let κR : T
1
R → A
′1
R be the complement of the zero section. Then we have
FTψ(κk,!Qℓ[1]) ∼= (RκZ[1/ℓ],∗Qℓ[1])|A′1
k
.
Proof. First we work over the base k and omit the subscript k from our notation. We have a short
exact sequence
0→ κ!Qℓ → Qℓ → 0∗Qℓ → 0,
where 0 : Spec k → A1 is the origin of A1. It gives rise to a distinguished triangle
0∗Qℓ → κ!Qℓ[1]→ Qℓ[1]→
in Dbc(A
1,Qℓ). Taking the Deligne-Fourier transformation, we get a distinguished triangle
FTψ(0∗Qℓ)→ FTψ(κ!Qℓ[1])→ FTψ(Qℓ[1])→
in Dbc(A
′1,Qℓ). By [24, Proposition 1.2.3.1], we have
FTψ(0∗Qℓ) ∼= Qℓ[1], FTψ(Qℓ[1]) ∼= 0∗Qℓ(−1).
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So we have a distinguished triangle
Qℓ[1]→ FTψ(κ!Qℓ[1])→ 0∗Qℓ(−1)→ .
All vertices of this distinguished triangle are perverse sheaves. So we have a short exact sequence of
perverse sheaves
0→ Qℓ[1]→ FTψ(κ!Qℓ[1])→ 0∗Qℓ(−1)→ 0.
This shows that FTψ(κ!Qℓ[1]) is an extension of 0∗Qℓ(−1) by Qℓ[1] in the category of perverse sheaves.
This extension is nontrivial, that is, FTψ(κ!Qℓ[1]) is not isomorphic Qℓ[1]
⊕
0∗Qℓ(−1). Otherwise,
by the Fourier inversion formula ([24, Corollaire 1.2.2.3]), we would have κ!Qℓ[1] ∼= 0∗Qℓ
⊕
Qℓ[1]. But
this is not true. Thus FTψ(κ!Qℓ[1]) is isomorphic to the mapping cone of a nonzero morphism
0∗Qℓ(−1)[−1]→ Qℓ[1].
In Dbc(A
′1,Qℓ), we have
Hom(0∗Qℓ(−1)[−1],Qℓ[1]) ∼= Hom(Qℓ(−1)[−1], R0
!Qℓ[1])
∼= Hom(Qℓ(−1)[−1],Qℓ(−1)[−1])
∼= Qℓ.
It follows that any two nonzero morphisms φ1, φ2 : 0∗Qℓ(−1)[−1] → Qℓ[1] differ by a nonzero scalar
λ ∈ Q
∗
ℓ . We have a commutative diagram
0∗Qℓ(−1)[−1]
φ1
→ Qℓ[1]
id ↓ ∼= ∼= ↓ λ
0∗Qℓ(−1)[−1]
φ2
→ Qℓ[1].
By the axiom of triangulated categories, this diagram can be extended to an isomorphism from the
mapping cone of φ1 to the mapping cone of φ2. Thus FTψ(κ!Qℓ[1]) is isomorphic to the mapping cone
of any nonzero morphism 0∗Qℓ(−1)[−1] → Qℓ[1], or equivalently, FTψ(κ!Qℓ[1]) is isomorphic to any
nontrivial extension of 0∗Qℓ(−1) by Qℓ[1].
On the other hand, we have a canonical distinguished triangle
0∗R0
!Qℓ → Qℓ → Rκ∗κ
∗Qℓ → .
It gives rise to a non-splitting short exact sequence of perverse sheaves
0→ Qℓ[1]→ Rκ∗Qℓ[1]→ 0∗Qℓ(−1)→ 0.
By the above discussion, we must have
FTψ(κ!Qℓ[1]) ∼= Rκ∗Qℓ[1].
One can prove
(RκZ[1/ℓ],∗Qℓ[1])|A′1
k
∼= Rκk,∗Qℓ[1].
Our assertion follows.
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